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The authors propose a method of calculating the effective thermal 
conductivity of multicomponent mixtures as a function of their struc- 
ture, the thermal conductivities of the components, their concentra- 
tions, and other parameters. 

We cal l  a s y s t e m  cons i s t i ng  of two or  m o r e  m a t e r i -  
als with d i f fe rent  physica l  p rope r t i e s  a mu l t i compo-  
nent  m ix tu re .  Mul t icomponent  m ix tu re s  can  be divided 
into th ree  p r inc ipa l  s t r u c t u r a l  c l a s ses :  I) s t r u c t u r e  
with n o n c o m m u n i c a t i n g  components ,  II) s t r u c t u r e  with 
commun ica t i ng  components ,  and III) i n t e r m e d i a t e  
s t ruc tu re ,  a' combina t ion  of s t r u c t u r e s  I) and II) .  The 
f i r s t  c l a ss  of m i x t u r e s  inc ludes  those with a s t r u c t u r e  
composed of individual  n o n c o m m u n i c a t i n g  inc lus ions  
2, 3 of a r b i t r a r y  shape r andomly  or r e g u l a r l y  d i s t r i b -  
uted in a m a t r i x  1 ( F i g . l a ) .  The second c lass  inc ludes  
s t r u c t u r e s  composed of i n t e r connec t ing  inc lus ions  2, 
3 in a m a t r i x  subs tance  1 (Fig. l b ) .  The d i s t inc t ion  be -  
tween inc lus ions  and m a t r i x  is an a r b i t r a r y  one, s ince  
the s t r u c t u r a l  components  2 and 3 could be cal led the 
m a t r i x  and component  1 an inc lus ion .  The second and 
thi rd  c l a s s e s  of m ix tu re s  e m b r a c e  a much g r e a t e r  
n u m b e r  of na tu ra l  and a r t i f i c i a l  m a t e r i a l s  than the 
f i rs t :  for example,  sol ids  with i n t e r c o m m u n i c a t i n g  
pores ,  r e in fo rced  s t r u c t u r e s ,  f ibrous and g r a n u l a r  
m a t e r i a l s ,  m ix tu re s  of d i f fe rent  solids,  some alloys,  
l i q u i d - p e r m e a t e d  so i l s ,  etc .  

Since the end of the n ine teenth  cen tury  many a t -  
t empts  ba re  been  made  to obta in  theore t icM e x p r e s -  
s ions r e l a t ing  the t h e r m a l  conduct ivi ty  and other  t r a n ~  
port  coeff ic ients  (e lec t r ica l  conductivi ty,  d i e l ec t r i c  
constant ,  etc. ) with the c h a r a c t e r i s t i c  p a r a m e t e r s ,  in 
pa r t i cu l a r :  the s t r u c t u r e  of the mix tu re ,  the shape and 
s ize of the inc lus ions ,  the i r  o r ien ta t ion  r e l a t ive  to the 
flow, and the t h e r m a l  conduct ivi ty  and concen t ra t ion  of 
the individual  components .  These  s tudies  were  made 
for m ix tu re s  of the f i r s t  c l a ss  and for the most  par t  
reduced to a d e t e r m i n a t i o n  of the effect of the shape of 
the inc lus ions  and the i r  o r i en t a t i on  on the effective 
t r a n s p o r t  coeff ic ients .  The ful les t  rev iew of the r e -  
sui ts  of this r e s e a r c h  may be found in [1, 2]. 

Heat t r a n s f e r  p r o c e s s e s  in mix tu res  of the f i r s t  
c l a ss  have been inves t iga ted  by a n u m b e r  of authors  of 
whom V. [. Odelevski i  [31, in our  opinion, adopted the 
mos t  c o r r e c t  approach.  Odelevski i  proposed the fo l -  
lowing exp re s s ion  for the effect ive t h e r m a l  conduct iv-  
ity of a two-component  mix ture :  

In [4] Dul'  nev es tab l i shed  a theore t i ca l  r e l a t ion  be -  
tween the effect ive t he r ma I  conduct ivi ty  and the c h a r -  
a c t e r i s t i c  p a r a m e t e r s  for a two-component  m i x t u r e o f  
this c l a s s .  Compar i son  of caIcula t ion  and expe r imen t  
for  va r ious  bui ld ing m a t e r i a l s ,  porous c e r a m i c s ,  r e -  
f r a c t o r i e s  [5], some a l loys ,  w a t e r -  o r  o i l~sa tu ra ted  
soi ls ,  and other  m a t e r i a l s  indica tes  sa t i s f ac to ry  
ag reemen t .  

As far  as we know, X for  m i x t u r e s  of the f i r s t  and 
second c l a s se s  has been theore t i ca l ly  inves t iga ted  only 
for two-component  mixtures .*  However,  in prac t ice ,  
ex tens ive  use  is be ing made of s y s t e m s  with m o r e  than 
two components .  The theore t i ca l  inves t iga t ion  of the 
effective t h e r m a l  conduct ivi ty  of such s y s t e m s  is of 
defini te  impor t ance .  The p rob lem cons i s t s  in e s t a b -  
l i sh ing  the fo rm of the funct ional  dependence  of k on 
the c h a r a c t e r i s t i c  p a r a m e t e r s ,  i . e . ,  

~, = ~ (kl, '%~, s . . . . .  ~,e, P1, P2, Pa . . . . .  Pi)" (2) 

We have been  unable  to find in the l i t e r a t u r e  ana ly t -  
ical  r e l a t ions  for d e t e r m i n i n g  the effect ive t h e r m a l  
conduct ivi ty  of m i x t u r e s  with m o r e  than two compo-  
nen t s .  The only except ions a re  c e r t a i n  r e l a t i ons  for 
gas mix tu res  [8]. An analyt ic  e x p r e s s i o n  for the effec-  
t ive t h e r m a l  conduct ivi ty  of mu l t i eomponen t  mix tu res  
can be obtained in va r ious  ways:  

1. By s imu l t aneous ly  al lowing for the t he rma l  con-  
duct ivi ty and concen t ra t ion  of all  the components  of the 

mul t i eomponen t  s t r u c t u r e .  
2. By s u c c e s s i v e l y  r educ ing  the s t r u c t u r e  of the 

mul t i componen t  mix tu re  to the s t r u c t u r e  of a t w o - c o m -  
ponent m i x t u r e  whose effect ive t h e r m a l  conduct ivi ty  is 
de t e rmined  us ing  known analyt ic  r e l a t i ons .  

We wil l  examine  both these  methods with r e f e r e n c e  
to the example  of a t h r e e - c o m p o n e n t  mix tu re  with non-  
c ommun i c a t i ng  inc lus ions .  Let this mix tu re  cons i s t  of 
a m a t r i x  I and s epa ra t e  inc lus ions  2 and 3 w h o s e t h e r -  

real conduct iv i t ies  and volume concen t ra t ions  a re  r e -  
spect ive ly  equal to k t, X~, X 3 and P~, P~, P3" W e i m -  
pose the following r e s t r i c t i o n s :  

1. The components  do not i n t e r r e a c t .  
2. The d imens ions  of the inc lus ions  a re  s i m i l a r  in 

the t h r e e  p r i nc i pa l  d i r ec t i ons  (differ by a fac tor  of 
not more  than 2), and a re  much s m a l l e r  than the d i -  
mens ions  of the mix tu re .  

P 1 )~2 (1) = ~ ,  1 - 1 / ( 1 - ~ ) - ( ~ - P ) / 3  ' ~ -- ~ 

The effect ive t h e r m a l  conduct ivi ty  of m i x t u r e s  with 
communica t i ng  inc lus ions  has rece ived  l e s s  at tent ion.  

*As shown in [7], at the limits Odelevskii's formu- 

la for multicomponent statistical mixtures [6] leads to 

contradictory results, 
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Fig.  1. St ructura l  c l a s s e s  of mult ieomponent mix tures :  
a) s t ruc tu re  with noncommunicating components,  
b) with communicat ing components,  c) in te rmedia te  

(combined) s t ruc tu re .  
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Fig. 2. Three-component mixture with noncommuni- 
cating components: a) schematic representation of 
mixture, b) elementary block, c) thermal resistance 

connection diagram. 
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E F F E C T I V E  THERMAL CONDUCTIVITY OF A MIX- 
TURE WITH NONCOMMUNICATING INCLUSIONS 

To ana lyze  the heat t r a n s f e r  p rocess  we employed 
the method proposed in [4]. We a s s u m e  that the inc lu -  
s ions  2 and 3 a re  un i fo rmly  d i s t r ibu ted  in the m a t r i x  
1, i . e . ,  " l o n g - r a n g e  o rder"  exis ts  in the mix tu re .  
Such a m ix tu r e  is r e p r e s e n t e d  s chema t i ca l l y  in Fig.  
2a. 

F r o m  this mix tu re  we can sepa ra t e  individual  l a y -  
e rs  pe rpend icu l a r  to the heat flow whose effect ive 
t he rma l  conduct ivi ty  is equal  to that of the mix tu re .  
Upon examin ing  the s t r u c t u r e  of the l aye r  we can d i s -  
t inguish  the ~ e l e m e n t a r y  blocks '~ (within the broken  
l ines )  which combine  to fo rm the en t i r e  mix tu re .  
Each block is  composed of two types of cubical  "unit  
ce i ls"  (Fig. 2b), the quant i ta t ive  re la t ionsh ip  be -  
tween which is uniquely  d e t e r m i n e d  by the volume 
concen t ra t ions  of the components  P2 and P3. If we 
a s s u m e  that the uni t  cei ls  in a block a re  s epa ra t ed  
by inf in i te ly  thin adiabat ic  p lanes  (Fig. 2e), we can 
define the t h e r m a l  r e s i s t a n c e  of the block R b as 
follows: 

where  

Rt ' =  RI-~R,-.~ _ l , ~'b=~" (3) 
NRI-~ + KRI-a ~'b Sb 

S =  (N-k K)l 2. 

Taking into account  the r e l a t ion  between N, K, and 
P2, P3, we can b r ing  Eq. (3) to the form 

)v -- P ~  1 4- Pa 1 . (4) 
P= -k Pa IR,-2 P.,_ -t- Pa lRl-a 

We find the t he rma l  r e s i s t a n c e s  of the uni t  ce l l s  RI_ i 
us ing  Eq. (1) : 

I [ P~_, 1 -~ ' R,_, : i - -<_,) /3 

%-i ~'1 ' Pl- i  = P~ q-" Pa = 1 - -P l .  (5) 

Subst i tut ing the value obtained fo r  RI_ i in (4), 
af ter  some s imple  t r a n s f o r m a t i o n s  we obtain an ex-  
p r e s s i o n  for the effective t h e r m a l  conduct ivi ty  of a 
t h r e e - c o m p o n e n t  mix tu re  with noncommunica t i ng  in -  

c lus ions:  

{ , . , [  1_,. 1+ ,1, = kl P~ 1 1/(1 --%-,,) - -  PJ3 

4: 1--P~ 1/(1--%-a)--Pr/3 " 
(6) 

Equation (6) sa t i s f i es  the condit ions at the I imi t s .  
When P2 or P~ = 0, we a r r i v e  at Eq. (1)o When 
vl- i  = 1 the effect ive t he rma l  conduct ivi ty  of the m i x -  
ture  X =X 1. Thus, Eq. (6) can be r ecommend e d  for 
d e t e r m i n i n g  the effective t h e r m a l  conduct ivi ty  of a 
t h r e e - c o m p o n e n t  mix tu re  with noncommunica t i ng  com-  
ponents .  However,  as the n u m b e r  of components  in -  
c r eases ,  Eq. (6) becomes  rapidly  more  compl ica ted  
and unsu i t ab le  for  ca lcu la t ions .  

We wil l  use  the second method of d e t e r m i n i n g  the 
effective t h e r m a l  conduct ivi ty  of the mul t i componen t  
m i x t u r e  as a funct ion of the c h a r a c t e r i s t i c  p a r a m -  
e t e r s .  

Fig.  3. S t ruc ture  of a t h r e e - c o m p o n e n t  m i x -  
tu re  reduced  to the s t r u c t u r e  of a t w o - c o m -  

ponent mix tu re .  

We wil l  cons ide r  a t h r e e - c o m p o n e n t  m i x tu r e  with 
noncommunica t i ng  inc lus ions .  The solut ion is c a r -  
r ied  out in s tages .  In the f i r s t  s tage we imagine  that 
the thi rd  component  has been  r emoved  f rom the m i x -  
tu re  (Fig. l a ) .  This  r educes  the t h r e e - c o m p o n e n t m i x -  
tu re  to a two-componen t  s t r u c t u r e  with n o n c o m m u n i -  
eat ing i nc lu s ions .  But in this case  in the reduced 
two-component  mix tu re  it is n e c e s s a r y  to take into 
account the change in the ra t io  of the component  con-  
cen t r a t ions .  We denote the vo lume concen t ra t ion  of 
the f i r s t  component  in the reduced two-component  
mix tu re  by P'p that of the second component  by 
P~ = 1 - P}. It is easy to show that P~ and P'2 a re  
re la ted  with Pl  and P2 by the s imple  exp re s s ion  

P] = PJ(P~ 4- P,,); P~, = P2/(P, " P2). (7) 

Knowing the t he r ma l  conduct ivi ty  of the components  
and the va lues  of P~ and P'z we can d e t e r m i n e  the 
effective t h e r m a l  conduct ivi ty  of the reduced two-com- 
ponent mix tu re  us ing  Eq. (1), i . e . ,  

~,~_, = f,(x~, ;~, p~, P.9. (8) 

We can now a s s u m e  that par t  of the vo lume of the 
t h r e e - c o m p o n e n t  m i x t u r e  c o r r e s p o n d i n g  to the vo lume 
concen t ra t ion  P l -  2 = p l  + p~ has the effect ive ther rna l  

conduct ivi ty  k 1_ 2 (Fig. 3). 
In the second stage of the ca lcu la t ions  we take into 

account the p r e s e n c e  of the th i rd  component .  We again 
obtain a two-component  mix tu re  with vo lume concen-  
t r a t ions  P~_~, P3 and t h e r m a l  conduct iv i t ies  X 1_ 2 and 
X 3, r e spec t ive ly .  We again use Eq. (1) and de t e rmine  
the effective t he r ma l  conduct ivi ty  of the in i t ia l  t h r e e -  
component  m i x t u r e  

)~ = r (~1,)~2, ~-a, P~, P~, Pa)=  

=%(~.1-.> ~a, P~-~, Pa) (9) 

We note that in a mix tu re  with noncommunica t i ng  
inc lus ions  the l a t t e r  a re  geomet r i ca l ly  nonequivalent ,  
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i. e . ,  the t h e r m a l  conduct iv i ty  of the m a t r i x  has a 
g r e a t e r  inf luence  on the e f fec t ive  t h e r m a l  conduc t iv -  
ity of the m i x t u r e .  The re fo re ,  in Eq. (1) the indices  
of the m a t r i x  and the inc lus ions  cannot be t r ansposed ,  
s ince  this leads  to a s igni f icant  change in the va lue  of 
the e f fec t ive  t h e r m a l  conduct iv i ty  of the m i x t u r e  [3]. 
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Graph of the funct ion X = X(P) .  

The sequence in which the inclusions are dear with is 

a matter of indifference since the inclusions are geo- 
metrically equivalent. 

E F F E C T I V E  THERM/X/L CONDUCTIVITY OF A MIX- 
TURE WITH COMMUNICATING COMPONENTS 

In o r d e r  to d e t e r m i n e  the e f fec t ive  t h e r m a l  conduc-  
t iv i ty  of a m i x t u r e  with commun ica t i ng  components  we 

wil l  a lso use  the method of s u c c e s s i v e  reduc t ion  of the 

s t r u c t u r e  of a mul t i eomponen t  m ix tu r e  to the s t r u c t u r e  
of a two-componen t  m i x t u r e  (Fig. l b ) .  However ,  in 
such a s t r u c t u r e  the components  a r e  g e o m e t r i c a l l y  
equivalent  and may be combined in any o r d e r .  In the  
f i r s t  s tage  of ca lcula t ion ,  taking any pa i r  of c o m p o -  

nents (for example ,  2-3) ,  we d e t e r m i n e  the i r  e f f ec -  
t ive  t h e r m a l  conduct iv i ty  

~',--a = f~(~'~. ~a, P;. P)  (10) 

as the e f fec t ive  t h e r m a l  conduct iv i ty  of a m i x t u r e w i t h  

communica t ing  components  f r o m  the i r  t h e r m a l  conduc-  
t iv i t i e s  and reduced  vo lume  concen t ra t ions  using the 
e x p r e s s i o n  proposed  in [4]: 

2,,..v (2 - ,'{) l -  ~ ' =~ "  x ' + " ( ~ - x ) ~  + ~.i:-L+--(I--LT#}j (~1) 

The p a r a m e t e r  X is r e l a t ed  with the vo lume con-  
cen t ra t ion  as fol lows:  

P = 2X a - -  3X" -- 1. (12) 

F i g u r e s  4 and 5 a re  intended to f ac i l i t a t e  the ca l -  
culat ions .  

We can now a s s u m e  that  pa r t  of the vo lume of the 

t h r e e - c o m p o n e n t  m i x t u r e  c o r r e s p o n d i n g  to the vo lume  

concen t ra t ion  P2-3 =1~ + 103 has an e f fec t ive  t h e r m a l  
conduct ivi ty  k~_3o In the second s tage  of the c a l c u l a -  
tion we d e t e r m i n e  the e f fec t ive  t h e r m a l  conduct ivi ty  
of the t h r e e - c o m p o n e n t  m ix tu r e  as a whole: 

k = r  (~1, ~2, ~a, Pl, P.,, P a ) :  

=%(~.~, )~2-a, P,, P~-a)- (13) 

EFFECTIVE THERMAL CONDUCTIVITY OF COM- 
BINED MIXTURES 

The effective thermal conductivity of combined mix- 
tures (Fig. ic) may be determined by reduction to the 
structure of a two-component mixture. En combined 
mixtures the geometrical nonequivalence of the com- 

ponents is preserved. Therefore in the first stage of 

the calculation we determine the effective thermal con- 
ductivity of the part of the structure formed by the 
communicating components from their thermal conduc- 
tivities and reduced volume concentrations. For this 

purpose we employ Eq. (ii), ioe., 

(14) 

In the second s tage  of the ca lcu la t ion  we d e t e r m i n e  
the e f fec t ive  t h e r m a l  conduct ivi ty  of the t h r e e - c o m p o -  
nent m ix tu r e  reduced  to the s t r u c t u r e  of a m ix tu r e  

with noncommunica t ing  inc lus ions ,  i . e . ,  

=%(~t~_~,  ~2, P~-a, P~-). (15)  

We note that in the second s tage  of the ca lcu la t ion  
t r anspos i t i on  of the indices  of the m a t r i x  and the in-  
c lus ions  is not p e r m i s s i b l e .  

By s u c c e s s i v e  appl ica t ions  of the method proposed  
it is pos s ib l e  to d e t e r m i n e  the e f fec t ive  t h e r m a l  con-  
duct ivi ty  of a mix tu re  with any number  of components .  

08 - - - - 4 -  08 

~ ~ 0.6 

\ "%.. 
o.2 ~ " -  

I 
0 20 /r 60 80 .P 

5. Graph of the funct ion ~/~j = f (P,  u).  Fig.  

Since in multicomponent mixtures the concentrations 

of the components are often given by weight, it is worth- 

while givingthe relation between the concentrations by 

weight and volume n and P, respectively. By definition 

P ~  v2/v ,  n ~ G i G ,  (16) 

where  v2 and v a r e  the vo lum es  of the admix tu re  and 

the m i x t u r e ;  G 2 and G a re  the weights  of the admix -  
tu re  and the mix tu re .  Denoting by Yl, 72, and y the 
spec i f ic  weight  of the components  and the m i x tu r e  as a 
whole, we find 

n =  G~ _ y ~ v ~ _  p ~,~ 
G yv y 

but 

G Y ,. v2 + "~1 (v - -  v2) 
�9 y _  _ = y 2 p + y l ( l _ _ p ) .  

V V 
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After  s imple  t r a n s f o r m a t i o n s  we obta in  the r e l a t ion  
between Y/72 and P: 

m Y2 V _ p +  1 ( I - - P ) ,  n = ' (17) 
72 ~I Y, 

F r o m  (16) and (17) it  follows that 

p = n . (18) 
~1%n(1 --~1) 

If the concen t ra t ions  of the components  a re  given 
in at .%, we can use  the r e l a t i o n  between the con-  
cen t r a t ion  by weight and the atomic concen t r a t i on  p ro -  
posed in [91 

/ [  A (100--a)l, ( 1 9 )  n =  100a a ~ - ~ -  

where A, B are the atomic weights of the components, 
and a is the concentration in at. %. 

NO TA TIC)N 

X is the effective thermal conductivity of multicorn- 

ponent mixture; Xt is the thermal conductivity of the 
matrix; X 2 is the thermal conductivity of inclusions ; 
P is the volume concentration of inclusions; k i is the 
thermal conductivity of the i-th component; Pi is the 

volume concen t ra t ion  of the i - t h  component ;  R is the 
t h e r m a l  r e s i s t a n c e ;  l is the d imens ion  of the unit  
ce l l ;  n is the concen t r a t i on  by weight;  N, K are  the 
n u m b e r  of uni t  ce l l s  in the block. 
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